Abstract. This is the second paper in a series of two in which a global algebraic number theory of the reals is formulated with the purpose of providing a unified setting for algebraic and transcendental number theory. In this paper, to any real number θ we associate its polynomial diophantine approximation ring * Z (θ) = { * Z µ ν (θ) * d }: a tri-filtered subring of a nonstandard model of the polynomial ring Z[X]. We characterize the filtration structure of * Z (θ) according to the Mahler class and the Mahler type of θ. The arithmetic of polynomial diophantine approximation groups is introduced in terms of the resultant or tensor product of polynomials. In particular, it is shown that polynomial diophantine approximation groups have the structure of approximate ideals: wherein a partial resultant product of two polynomial diophantine approximation groups may be performed by restriction to substructures of trifiltration. The explicit characterization of this partial product law is the main theorem of this paper.
Introduction
This is the second paper in a series of two (independent) papers devoted to global algebraic number theory: an algebraic treatment of Diophantine Approximation leading to a synthesis of algebraic and transcendental number theory into a single theory. The accommodation of transcendental number theory into algebraic number theory is made possible by replacing the classical players in algebraic number theory -Dedekind domains and their polynomial rings -by nonstandard models of the same occurring as ultrapowers. In our first paper [8] , the linear theory of Diophantine Approximation was dealt with; in this paper, we treat the nonlinear or Mahler theory, an extension of the linear theory to approximation of real numbers by polynomials.
As algebraic number theory issues from a study of the arithmetic of ideals in Dedekind domain, we incorporate transcendental number theory by introducing a generalized notion of ideal called a diophantine approximation group. Diophantine approximation groups occur as subgroups of nonstandard models of classical Dedekind domains or polynomial rings over such. In particular, to θ ∈ R we may associate various Diophantine approximation groups depending on how one approximates θ -by rational integers, by algebraic integers, by polynomials. Diophantine approximation groups come with natural filtrations -called approximate ideal structures -along which one can partially define products: the study of which gives rise to an arithmetic extending the usual arithmetic of ideals. In [8] we studied diophantine approximation groups occurring in models of Dedekind domains, paying particular attention to how their arithmetic reflects the linear classification of real numbers.
The present paper has been written so that it can be read independently of [8] , and in particular, we assume no results from the latter in this work. Nevertheless, it would be a disservice to the reader if we did not offer first a summary of the intuition and constructions of [8] which are to be extended to the nonlinear setting. We provide this summary now.
1. Ultrapowers. Given u a nonprincipal ultrafilter on N, the ultrapower * Z := Z N /u is a quotient ring of the N-power, whose elements are thus equivalence classes of sequences. The corresponding ultrapower of the reals * R := R N /u ⊃ R is a field extending R. The subgroup * R ε ⊂ * R of classes containing a representative converging to 0 is the group of infinitesimals and for * r, * x ∈ R we write * x * y if * x− * y ∈ * R ε . The ring of bounded elements * R fin is local with maximal ideal * R ε and the residue class field is R. See §1 for a short introduction to this construction.
Diophantine Approximation Groups.
For θ ∈ R, the diophantine approximation group [9] , [8] * Z(θ) ⊂ * Z is the subgroup of * n ∈ * Z for which there exists * n ⊥ ∈ * Z such that
which has the structure of a totally ordered tropical (max-times) ring, associated to the valuation * R −→ PR, * r −→ * r := | * r| · (
is the subgroup of elements * n ∈ * Z(θ) for which the growth * n −1 satisfies * n −1 > µ and whose decay ε( * n) := * nθ − * n ⊥ satisfies ε( * n) ≤ ν.
Then in [8] we proved that the ordinary product induces a bilinear map
As a consequence, whenever * m ∈ * Z µ ν (θ) and * n ∈ * Z ν µ (η), then their numerator denominator pairs may be multiplied and added/subtracted exactly as formulated in Paragraph 2 above. When θ = a/b, η = c/d ∈ Q, (1) reduces to the product map * (b) × * (d) → * (bd) of the principal ideals generated by the denominators. The pairing (1) will be a subcase of a more general pairing proved in this paper for polynomial diophantine approximations, described further below.
The concept of an approximate ideal generalizes naturally that of ideal as follows. If we consider just the "growth filtration" * Z = { * Z ν } where * Z ν = { * n| ν < µ( * n)} then for each µ, ν ∈ PR ε , 4. Nonvanishing Spectra. We define the nonvanishing spectrum of θ to be Spec(θ) = {(µ, ν)| * Z µ ν (θ) = 0}. In [8] , we characterized the linear classification of the reals -rational, badly approximable, (very) well approximable and Liouville -in terms of their nonvanishing spectra, see Figure 1 below. In this paper, we will obtain spectral portraits for polynomial diophantine approximations which are organized according to the Mahler classification.
Composability.
For µ ≥ ν we define the "composability" relation θ µ ν η whenever the groups appearing in the product (1) are nontrivial i.e. for (µ, ν) ∈ Spec(θ), (ν, µ) ∈ Spec(η). Roughly speaking, composability increases as one progresses from the badly approximable numbers to the Liouville numbers. In this connection a new phenomenon emerges: the existence of antiprimes -classes of numbers for which the relation µ ν is empty for all possible growth-decay parameters. The largest anti prime set is the set B of badly approximable numbers.
6. K-Diophantine Approximation Groups. Let K/Q be a finite extension, O the ring of K-integers and K ∼ = R d the Minkowski space of K. The diophantine approximation group of z ∈ K has the structure of an approximate ideal * O(z) = { * O µ ν (z)}. These K-approximate ideals may be multiplied according to an obvious analogue of (1). If K/Q is Galois, then the action of Gal(K/Q) on K extends to an action on growth-decay indices so that the growth-decay product becomes Galois natural. The K-nonvanishing spectrum Spec K (z) may be used to define the nontrivial classes of K-badly approximable, K-(very) well approximable and K-Liouville elements of K. One observes the phenomenon of antiprime splitting, where a Q-badly approximable number θ loses its antiprime status upon diagonal inclusion in K: this happens for quadratic Pisot-Vijayaraghavan numbers. We now turn to the contents of the present paper: the arithmetic of polynomial diophantine approximation. Denote the ultraproduct of
the ring of possibly infinite degree nonstandard polynomials. Then we may define the ring of polynomial diophantine approximations * Z
which acquires the structure of approximate ideal indexed not just by growth and decay but also by a third index which sets a bound * d on the degree e.g. * Z
(θ) = { * Z µ ν (θ) * d }. In §4 we study the nonvanishing spectrum and characterize the Mahler classes and Mahler types according to the portraits of their nonvanishing spectra e.g. see Figure  2 , Theorems 6-9 and Theorems 10-12.
The definition of approximate ideal arithmetic in the polynomial setting is dictated by the wholly reasonable demand that the inclusion
be an approximate ideal monomorphism. The nonlinear analogue of fractional arithmetic of linear equations is provided by the resultant sum and the resultant product f g, f g of polynomials f, g, which are essentially characterized by the property that their root sets are the sum and the product, respectively, of the root sets of f and g. The resultant product was first defined in [4] , [12] (where it is referred to as the tensor product); in §5 we develop the basic properties that we require of them from scratch. Both and distribute over the (Cauchy) product; if we letŽ be the Cauchy monoid of integral non-0 polynomials modulo multiplication by non-0 integers, then and define operations onŽ making the latter a double monoid, in which the inclusion Q →Ž, a/b → aX − b, takes the operations + to and × to . Thus we can viewŽ as a generalized field extension of Q; since does not distribute over , it is a spiritual relative of the nonlinear number field construction of [11] . Approximate ideal arithmetic of the resultant product for finite degree polynomials is studied in §6; the infinite degree case presents particular complications and is deferred to §7. The most general version of the approximate ideal product is given by Theorem 16 of §7, which asserts the existence of a product * Z µ
that is Cauchy bilinear and agrees with (1) on the images of * Z(θ) ⊂ * Z(θ), * Z(η) ⊂ * Z(η). An analogue of the composability relation µ ν is introduced and its satisfaction according to the Mahler classes of its arguments is studied: composability increasing as one passes through the S-number, T -number, U -number hierarchy, the S-numbers providing essentially an antiprime set, see Theorem 19.
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Ultrapowers
This brief section contains all the reader will need to know about ultrapowers, see also [7] , [13] .
Let I be a set. A filter on I is a subset f ⊂ 2 I satisfying
Any set F ⊂ 2 I satisfying the finite intersection property generates a filter, denoted F . A maximal filter u is called an ultrafilter. Equivalently, a filter u is an ultrafilter ⇔ for all X ∈ 2 I , X ∈ u or I − X ∈ u. An ultrafilter u is principal if it contains a finite set F : equivalently u = F . Otherwise it is nonprincipal. By Zorn's lemma, every filter is contained in an ultrafilter. Now let {G i } i∈I be a family of algebraic structures of a fixed type: for our purposes, they will be groups, rings, fields. Let u be an ultrafilter on I. The quotient
is called the ultraproduct of the G i w.r.t. u. By the Fundamental Theorem of Ultraproducts (Łoś's Theorem) [7] , the ultraproduct is also a group/ring/field according to the case. If G i = G for all i the ultraproduct is called an ultrapower and is denoted
Elements of * G will be denoted * g = * {g i }.
The canonical inclusion G → * G given by constants g → (g = g i ) is a monomorphism. If u is nonprincipal, this map is not onto and again by Łoś, exhibits * G as a nonstandard model of G: that is, the set of sentences in first order logic satisfied by * G coincides with that of G. If I = N and u is a nonprincipal ultrafilter on N we denote by
The field * R is totally ordered and the absolute value | · | extends to a map | · | :
We define the local subring of bounded elements * R fin := { * r ∈ * R| ∃M ∈ R + such that | * r| < M } whose maximal ideal is the ideal of infinitesimals * R ε := { * r ∈ * R fin | ∀M ∈ R + , | * r| < M }. 
We denote the product in PR by "·". Proposition 1. Every element µ ∈ PR may be written in the form
where * n ∈ * Z + − Z + or * n = 1, and ε = ±1.
Proof. Every element of PR is the class of 1, the class of an infinite element or the class of an infinitesimal element. If µ is the class of * r infinite, then there exists * r ∈ [0, 1) = { * x| 0 ≤ * x < 1} and * n ∈ * Z + for which
A similar argument may be used to show that when µ represents an infinitesimal class, µ
Proposition 2. PR is a densely ordered group.
Proof. The order is defined by declaring that µ < µ in PR if for any pair of representatives * x ∈ µ, * x ∈ µ we have * x < * x , evidently a dense order without endpoints. The left-multiplication action of * R + on PR preserves this order, therefore so does the product: if µ < ν then for all ξ ∈ PR, ξ · µ < ξ · ν.
We introduce the maximum of a pair of elements in PR as a formal binary operation:
µ + ν := max(µ, ν). The operation + is clearly commutative and associative. The following Proposition says that + is the quotient of the operation + of
Indeed, suppose first that µ = µ , say µ < µ . Then there exists * ε infinitesimal for which * x = * ε * x , and we have
Proof. 1. It is enough to check the equality in the case ν > ν. Then µ · (ν + ν ) = µ · ν . But the latter is equal to (µ · ν) + (µ · ν ) since the product preserves the order. The proof of 2. is identical, where we use the fact that the multiplicative action by * R + preserves the order. Item 3. is trivial.
It will be convenient to add the class −∞ of the element 0 ∈ * R to the space PR: in other words, we will reconsider PR as the quotient (
In particular, −∞ is the neutral element for the operation +. Thus, by Proposition 4: Theorem 1. PR is an abstract (multiplicative) tropical semi-ring: that is, a maxtimes semi ring.
We will refer to PR as the growth-decay semi-ring. Let PR ε ⊂ PR be the image of the (
With the operations ·, +, PR ε is a sub tropical semi-ring: the decay semi-ring.
If we forget the tropical addition, considering PR as a linearly ordered multiplicative group, then the map
, is the Krull valuation associated to the local ring * R fin (see for example [16] ). The restriction of · to R is just the trivial valuation, so that · cannot be equivalent to the usual valuation | · | on * R induced from the euclidean norm. Note also that · is nonarchimedean. We refer to · as the growth-decay valuation.
There is a natural "Frobenius" action of the multiplicative group R × + on PR: for µ ∈ PR ε and * x ∈ µ define
Note that this action does not depend on the choice of representative * x. We may extend the Frobenius action to (
, which is again well-defined. Note that it is not the case that if
Theorem 2. The map Φ * r : PR → PR is a tropical automorphism for each * r ∈ ( * R fin ) × + and defines a faithful representation Φ : (
We denote byμ the orbit of µ by ( * R fin ) × + with respect to Φ. Note that by Theorem 2:
-μ is a sub tropical semi-ring of PR.
-The quotient of PR by Φ, denoted PR, is a tropical semi-ring. From this the connectedness statement follows. Now suppose that there exists * t ∈ * R + and µ = ∞, 1 such that µ * t = 1. Without loss of generality assume that
But such a * t would necessarily be infinitesimal, contrary to our hypothesis.
We denote by [ * x] the image in PR of * x ∈ * R. For allμ,ν ∈ PR, we writē µ <ν ⇔ for all µ ∈μ, ν ∈ν, µ < ν.
Proposition 6. PR is a dense linear order.
Proof. Ifμ <ν andμ >ν then it follows that there exist representatives µ ∈μ, ν ∈ν for which µ < ν and µ * r > ν for * r ∈ (
We may assume without loss of generality that both µ, ν represent infinite classes so that * r > 1. We call PR the Frobenius growth-decay semi-ring.
Note 1. In fact, we may extend Φ to an action of ( * R ε ) + = the multiplicative monoid of positive infinitesimals on PR. That is, infinitesimal powers µ
This induces an action of ( * R ε ) + on PR,μ →μ * ε by tropical homomorphisms which either expand or contract the order according to whetherμ is the class of an infinitesimal or infinite element: e.g.μ <μ * ε ifμ is an infinitesimal class. We will say that µ ∈ PR ε is a * ε root of unity ifμ * ε =1. The set of * ε roots of unity union −∞ clearly forms a sub tropical semi ring of PR ε .
Define the tropical subtraction of classes µ, ν ∈ PR by
Tropical subtraction satisfies µ − ν ≥ µ · ν in PR ε , and descends to a well defined binary operation in PR. Let PR ε be the image of the decay semi-ring in PR.
Proposition 7. Tropical subtraction coincides with tropical product in PR
Proof. Ifμ =ν thenμ ·μ =μ =μ −μ. Now assume thatμ >ν. Then there exists * δ ∈ * R ε such thatμ =ν * δ . Thenμ ·ν =ν 1+ * δ =ν =μ −ν.
Polynomial Approximate Ideals and Rational Maps
In this section we begin our study of the approximate ideal structure of polynomial diophantine approximation. In order to moderate notation, we will henceforward write
Note that an element * f ∈ * Z is a finite degree polynomial in the ring * Z whereas an element * f = * {f i } ∈ * Z has a well-defined possibly infinite degree deg(
This gives * Z the structure of a filtered ring: * Z * d · * Z * e ⊂ * Z * d+ * e . We will also consider the following coarsening of the degree filtration. Let
The set of such classes * d is ordered; note that
Indeed, if say
is a ring filtered by subgroups and
makes of * Z a ring filtered by rings. Note that * Z1 = * Z. For each θ ∈ R, the ring of (infinite-degree) polynomial diophantine approximations is defined * Z
The subring * Z(θ) = * Z (θ) ∩ * Z was studied in §6 of [10] .
(θ) a filtered ring structure as well. We would like to measure growth and decay of polynomials in * Z (θ). Classically, there are a number of ways one measures the size of a polynomial (c.f. the Appendix to §3 of [14] ). We will be interested in two: the height and the Mahler measure. Scaling by degree makes them tropical equivalent in a sense to made precise below.
For a standard polynomial f ∈ Z[X] denote by h(f ) the height: the maximum of the absolute values of the coefficients of f . Note that the height is subadditive.
On the other hand:
By definition, the Mahler measure is multiplicative. The Mahler measure of * f ∈ * Z is defined in the customary way:
The relationship between the height and the Mahler measure is given by the following double inequality (see page 113 of [14] ):
It will be to our advantage to scale growth according to degree. That is, for each * d ∈ * N we will define a * d-scaled notion of size for elements of * Z * d . In particular, the size of a fixed polynomial * f will be, as such, a relative measure, relative to the group * Z * d in which it is being considered. For
Thus, measuring degree-normalized growth in PR permits us to use either the height or the Mahler measure according to the exigencies of the situation we find ourselves in, as the paragraphs which follow illustrate. In fact, for reasons which will soon become clear, it is natural to begin the parametrization of growth and decay in the polynomial setting using the Frobenius tropical semi ring PR ε (introduced at the end of §2) rather than PR ε . For any
where we recall that
is well-defined. In particular, when
(where in the last expression above
). Due to the subadditivity of the height, we have, assuming, say, h
so that * Zμ * d is a group. Moreover, by the multiplicativity of the Mahler measure, we also have:
for * f ∈ * Z * d and * g ∈ * Z * ȇ . In particular, * Zμ * d is a ring (take * d = * ȇ in (3) and
and therefore * Z = { * Zμ * d } has the structure of a ring doubly filtered by rings. Now given θ ∈ R and * f ∈ * Z (θ) * d we define the normalized decay viā
This filtration by rings has the expected product law:
Finally, note that for all * d and n ∈ N, the power map 
Proof. The proof of the first statement is contained in the paragraphs preceding the Theorem. As for the second statement, note that for all
If
We may thus speak of * Z (θ) as being a polynomial approximate ideal (the latter concept defined by equation (5) of Theorem 3). Since it is indexed by the Frobenius tropical semi-ring, we refer to it as the Frobenius polynomial approximate ideal. We may view * Zμ ν (θ) * d as an approximate ideal within the ring * Z * d . In particular, the Frobenius approximate ideal can be regarded as providing a filtration of * Z (θ) by approximate ideals, indexed by the degree class * d . In order to bring the type of a Mahler class into play, we introduce as well the ordinary polynomial approximate ideal * Z (θ) = { * Z µ ν (θ) * d } which is defined exactly as the Frobenius approximate ideal, using PR ε in place of PR ε to index degree normalized growth and decay. In particular, the ordinary approximate ideal makes of * Z (θ) a ring tri-filtered by groups, which satisfies the following analogue of Theorem 3:
Proof. Fix * g ∈ * Z ν * d and * f ∈ * Z µ ν (θ) * e . By the same argument employed in the proof of Theorem 3,
The ordinary approximate ideal gives a refinement of the Frobenius approximate ideal: * Zμ ,μ
Therefore, the ordinary approximate ideal endows each ring * Zμ ν (θ) * d with the structure of a ring tri-filtered by groups.
A ring homomorphism Φ :
preserving the Frobenius approximate ideal structure (and the ordinary approximate ideal structure) will be called a(n) (ordinary) Frobenius approximation homomorphism, and if Φ is invertible, a(n) (ordinary) Frobenius approximation isomorphism. This latter notion of equivalence is too strong for our purposes so we weaken it in two essential ways.
1. First, we will need to allow that Φ be merely multiplicative (not necessarily preserving the additive structure), that is, we will consider the approximate ideals * Z (θ) as simply semigroups, referring to them as semigroup approximate ideals, and use the terminology of the previous paragraph to qualify semigroup homomorphisms. It will be clear in this section and those that follow that in the polynomial theory, the multiplicative structure plays the role of the passive operation ("external sum"); the role of active operations ("multiplication, internal sum/difference") will be played by the resultant product, sum and difference see §5. 2. A pair Φ = (Φ 1 , Φ 2 ) of injective Frobenius semigroup homomorphisms
for which there exists m, n ∈ N such that
ν (η) * d·n will be called an approximation consensus, and we denote the equivalence relation defined by an approximation consensus by * Z (θ) * Z
(η).
Note that on the level of the Frobenius structure, an approximation consensus gives a pair of injective semigroup homomorphisms respecting the Frobenius tri-filtration:
We now turn our attention to the search for a notion of equivalence of real numbers which is adapted to the dictates of polynomial diophantine approximation. We will insist that such a notion of equivalence implies an approximation consensus between corresponding approximate ideals. Since the equivalence appropriate to linear diophantine approximation is projective linear (see Paragraph 3 of the Introduction), it stands to reason that higher degree rational maps will provide a relevant notion of equivalence in the polynomial milieu.
Thus: let Rat Z be the set of rational maps that may be written in the "relatively prime form"
where p(X), q(X) ∈ Z[X] are relatively prime and q(X) is not the zero polynomial. We equip Rat Z with the operation • of composition; its field operations will play no role in what follows. Let us describe the relatively prime form of the composition R•S of R, S ∈ Rat Z . First, recall that the degree of R is defined deg(R) = max(deg p, deg q), and that [3] deg
(R • S) = deg(R) deg(S).

If we write p(X)
= deg p i=0 p i X i , q(X) = deg q j=0 q j X j
and S(X) = t(X)/u(X) with t(X), u(X) relatively prime, then clearing denominators gives
Suppose that deg p ≥ deg q and deg t ≥ deg u. Then the degree of the numerator of (6) is deg p deg t and the degree of the denominator is
This implies that the numerator and denominator of (6) are relatively prime: for otherwise, we would obtain deg(R • S) < deg(R) deg(S). The other three cases (deg p ≤ deg q and deg t ≥ deg u, etc.) produce the same result, namely, that (6) is the relatively prime form of R • S. Write θ η if there exists R ∈ Rat Z such that R(θ) = η. If η θ as well, we will write
and say that θ, η ∈ R are Rat Z -equivalent. Note that θ . = η ⇔ Q(θ) = Q(η), and that θ . = η ⇒ θ and η are algebraically dependent. The converse is false e.g. if Q(θ, η) is not purely transcendental.
Given
This definition extends in the usual way to any * f ∈ * Z
. Note that
described by (7) defines an action of Rat Z by multiplicative monomorphisms. That is, for all * f, * g ∈ * Z and R, S ∈ Rat Z ,
Proof. Item (1) is clear. It is enough to prove (2) for a standard polynomial f of degree d. Suppose that R = p(X)/q(X), S(X) = t(X)/u(X) are parametrized as before, and that deg R = deg p. Then
where the last equality follows from the "relatively prime form" of R • S given in (6) . The case where deg R = deg q produces the same result.
Note 2. If we restrict to PGL 2 (Z) ⊂ Rat Z acting on * Z 1 we essentially recover the action of PGL 2 (Z) (by inverses of matrices) on projective classes of vectors in * Z 2 .
We now consider the effect of the action of Rat Z on both the ordinary and the Frobenius approximate ideal structure of * Z
Since * f R ∈ * Z * d·deg(R) , we will calculate its growth index with respect to normalization by the degree
Then we claim that * f R ∈ * Z ν (η) * d·deg(R) . Indeed, calculating the decay ν( * f R) (with respect to η) we have
We have shown:
= η then the associated pair of rational maps (R, S) defines an approximation consensus * Z (θ) * Z (η). 
Polynomial Nonvanishing Spectra and Mahler's Classification
(θ) * d and thus we obtain the filtration
Furthermore, if we formally add the "northeast perimeter"
there is a well-defined filtration preserving inclusion
The * d / * ȇ -powers are well-defined since * d / * ȇ is the class of an infinitesimal c.f. Note 1 of §2; if either of the coordinates of (μ,ν) is a * d / * ȇ -root of unity, the image of the pair will belong to the perimeter (8) . The Frobenius nonvanishing spectrum is the collection
viewed as a directed system of filtered sets, where the inclusions are the power laws (9).
Likewise we may define the ordinary nonvanishing spectrum
The converse may not be true however:
So the ordinary nonvanishing spectrum is a finer invariant.
We say that Spec[X](θ) and Spec[X](η) are finite power law equivalent and write 
Since finite degrees d < e define the same Frobenius class, we have:
From this we may derive the following nonvanishing result:
Proof. We first show that Spec[X](θ) 1 contains the image of Spec(θ) in PR ε . Indeed, givenμ <ν, since PR ε is a dense linear order (Proposition 6), there exists µ withμ <μ <ν. Choose µ ∈μ , ν ∈ν and 0 We examine the nonvanishing spectra in terms of Mahler's classification, whose definition we now recall. For each pair of positive integers H, d, consider the polynomial f H,d (X) which minimizes |f (θ)| amongst those f (X) of degree at most d with f (θ) = 0 and satisfying h(f ) ≤ H. Define
Consider the limits
the associated degree d best polynomial growth and decay classes.
Similarly, let
Note 4. When θ is algebraic, a best polynomial class is only best amongst those polynomials which do not have θ as a root. This contrasts with the process of producing linear best approximations for θ ∈ Q, which terminates in the root of the defining linear polynomial.
Proposition 10. Suppose that θ is not algebraic of degree ≤ d (that θ is transcendental). Let ( μ d , ν d ) be a finite degree d best growth-decay pair (let ( μ * d , ν * d ) be an infinite degree best growth-decay pair). For allμ
We begin with the finite degree d statements. Suppose otherwise:
However, by definition of
This argument applies mutadis mutandis to the infinite degree case.
Thus, we may attach to any degree * d best polynomial class * g * d a horizontal strip in the (μ,ν) plane:
parametrizing a region where * Zμ
persists in * Zμ ν (θ) * d is a function of the Mahler type of θ, a point which will be discussed in detail at the end of this section.
The Frobenius polynomial spectrum Spec[X](θ) picks out the real algebraic numbers in the same way that the ordinary linear spectrum Spec(θ) picks out the rationals:
Corollary 2. The following statements are equivalent. Note that if θ and η are algebraically dependent, they are of the same Mahler class [5] : in particular, the relation θ . = η preserves Mahler class. We now interpret Mahler's classification in terms of the images of pairs of best polynomial growth and best polynomial decay in the Frobenius growth-decay semiring PR ε . Theorem 6. θ is an A-number ⇔ for every infinite degree polynomial best growth decay pair
Proof. θ is an A-number ⇔ for every infinite degree best polynomial class
e for any e ∈ R + , and the result follows on passing to PR ε classes of degree * d normalized growth and decay. Theorem 7. θ is an S-number ⇔ for every infinite degree polynomial best growth decay pair
In this case, the associated vanishing strip V (
In particular, for any infinite best degree * d,
where * e e ∈ R + . Then the first statement follows upon passage to PR ε classes of degree * d normalized growth and decay. Now suppose that * d < * e both belong to the class * d i.e. * e/ * d is bounded. Suppose further that there exists a best growth decay pair ( μ * e , ν * e ) ∈ V ( * g * d ). Then μ * e ≥ μ * d and ν * e < ν * d , however:
Theorem 8. θ is a T -number ⇔ for every -infinite degree best growth decay pair
-finite degree best growth decay pair
In the latter case, the associated vanishing strip V (
In particular, 
* e which implies after passing to Frobenius
But if the inequality were strict, it would contradict Proposition 9. The statement concerning vanishing strips, is argued exactly as in Theorem 7.
We leave the proof of the last Theorem in this series to the reader.
Theorem 9. θ is a U -number ⇔ for every -infinite degree best growth decay pair
-There exists d ∈ N such that for every finite degree d ≥ d polynomial best growth decay pair
In Figure 2 we have displayed the sheets of the filtered Frobenius nonvanishing spectra for each of the four Mahler classes, (in the A-number portrait we have removed spectral elements corresponding to groups all of whose elements are multiples of the minimal polynomial).
Recall [5] that each of the transcendental Mahler classes can be further partitioned according to the Mahler type. To observe the type, we must work with the ordinary nonvanishing spectra.
For S-numbers, the type t is equal to the exponent e ∈ [1, ∞).
Theorem 10. Let θ be an S-number of type t ∈ [1, ∞). Then for every infinite degree * d best polynomial class * g * d , the associated ordinary growth-decay pair satisfies
where * t = * {e(d i )} and where l < t.
Proof. Clear from the definition of best polynomial class and the type t.
For T numbers, one writes for each finite degree d
and then the type is defined Figure 2 . Frobenius Nonvanishing Spectra According to Mahler Class Theorem 11. Let θ be a T -number of type t ∈ [1, ∞]. Then for every infinite degree * d best polynomial class * g * d , the associated ordinary growth-decay pair satisfies
l where * t = * {t di } and where l < t.
Proof. From the definitions:
Taking * d * t -roots of both sides and passing to PR ε classes gives the result, since * t > l.
Finally, the type of a U number is the first integer t for which e(t) = ∞. We leave the proof of the following to the reader: Theorem 12. Let θ be an U -number of type t ∈ N. Then for every * t and * d ≥ t, there exists a best polynomial class * g * d such that the associated ordinary growthdecay pair satisfies
Thus, we can say that the S, T and U numbers are those for which the decay is related to growth linearly, polynomially and exponentially, respectively, as a function of degree.
Resultant Arithmetic
In this section we present polynomial diophantine approximation as a natural nonlinear extension of classical diophantine approximation (approximation by linear polynomials). We are faced first with the problem of finding the right notions of sum and product in the polynomial ring Z[X]. By "right", we mean that I. They should be compatible with fractional sum and product in Q i.e. the map a/b → bX − a should be a monomorphism modulo multiplication by non zero integer constants. As a consequence, this will ensure that the map,
will respect fractional sum and product of numerator denominator pairs of diophantine approximations. II. If α, β are algebraic and f (α) = 0, g(β) = 0 then α + β should be a root of the sum of f and g, and αη should be a root of the product of f and g. Regrettably, neither the Cauchy nor the Dirichlet products satisfy the above criteria.
We begin by defining the sought after product. In what follows, denote by
a monoid with respect to the Cauchy product. Consider elements f, g ∈ Z:
otherwise, if either f or g is 1, it is defined to be 1. The resultant product was first defined for monic polynomials [4] and later for general polynomials [12] , where it is referred to as the tensor product of polynomials. Note that deg(f g) = mn = deg(f ) deg(g). The resultant product is clearly commutative and associative, and the polynomial 1 (X) := X − 1 acts as the identity. The proof of the Theorem which follows was suggested to us by Gregor Weingart.
Proof. We assume that f, g = 1. Consider the homogenization of f with respect to the new variable Y :
where res(·, ·) denotes the resultant. But the resultant is the determinant of a corresponding Sylvester matrix [1] , whose non zero entries consist of the coefficients of f X (Y ) and g(Y ). Thus f g ∈ Z as claimed.
The resultant sum of f, g ∈ Z, is defined
when f, g = 1; otherwise it is defined to be 1. The resultant sum defines an element of Z by an argument similar to that found in Theorem 13. As in the case of the resultant product, deg(f g) = deg(f ) deg(g). The identity element for is the polynomial 1 (X) := X. There is also a resultant difference
Proposition 11. Both the resultant product and the resultant sum distribute over the Cauchy product:
In particular, Z has the structure of a double semiring (a semiring with respect to each of , separately).
An identical argument shows that the resultant sum distributes over the Cauchy product.
For the simple reason of degree, the resultant product does not distribute over the resultant sum:
Nevertheless, the subset of linear polynomials Z 1 is closed with respect to , , and one may verify that for elements of
is a semiring with respect to the operations , . We regard Z as a double monoid with respect to , . LetŽ := Z/ ∼ where f ∼ f ⇔ there exists 0 = n ∈ Z such that f = nf . Then the operations , respect ∼ and define operations inŽ making the latter a double monoid as well. Denote byŽ 1 the classes of linear polynomials, which is by the above remarks a semiring with respect to , . 
defines an action of Q ∼ =Ž1 by -isomorphisms ofŽ.
Proof. The action is clearly well-defined, by isomorphisms since the elements ofŽ 1 are -invertible.
Note 5. We may regardŽ as a generalized field extension of Q. Since does not distribute over , it is closely related to the notion of a nonlinear number field: an extension of Q defined using a projectivization of the field algebra of Q with the operations of Cauchy and Dirichlet products. See [11] .
The (classes of) monic polynomials in Z play the role of integers, the resultant integers, which are evidently closed w.r.t.
, , and Cauchy product. We denote them O, and note that Z is identified via the isomorphism of Proposition 12 withǑ
The resultant sum, difference and product extend in the obvious way to * Z e.g.
The next result shows that the normalized growth is supermultiplicative with respect to resultant sums, differences and products.
Proof. We begin with and prove m * d· * e (
). It suffices to show that for the non normalized Mahler measure,
and moreover, it is enough to prove this for standard polynomials f, g of degree m, n respectively: As for :
m(f g) = a There is no interesting decay filtration on α since for all * f ∈ α , ν( * f ) = −∞.
form |θ − * α i | 1/d where * α i ∈ * C − * C fin , in which case |θ −
where we note that -For θ = 0, | * α| 1/d ∈ * R fin − * R ε and so acts trivially on ζ d ( * f )).
The argument in the non simple case is identical.
Lemma 2. Let θ, η ∈ R and let * f ∈ * Z(θ) d , * g ∈ * Z(η) e . Then
Proof. We will show, equivalently, that the unnormalized decay
In what follows we will denote ζ(
Without loss of generality we may assume that deg( * f ) = d and deg( * g) = e. Assume first that * f , * g are simple and = 0. Then there exist unique roots, say * α = * α 1 and * β = * β 1 , so that θ = * α + * δ, η = * β + * ε. By Lemma 1, ν( (θη − * α * β j ).
The last factor in (15) η − * β j · ζ( * f ) + ζ( * g)
≤ |
* α| e · m( * g) · ζ( * f ) + ζ( * g) .
In the above, we were able to insert an extra factor | * α|, and replace |η − 
where P i is the product of the |θη − α ji β ki | where either α ki ∈ r xi (f i ) or β ki ∈ r yi (g i ). Upon passage to PR ε , the expression in the parenthesis in (19) The first remark is that we can insert a factor of the form We can do this, since we will be multiplying the result with (ζ * d ( * f )
